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Reflections of planar convex bodies 


Rolf Schneider 


Abstract 

It is proved that every convex body in the plane has a point such that the union of the 
body and its image under reflection in the point is convex. If the body is not centrally 
symmetric, then it has, in fact, three affinely independent points with this property. 


1 Introduction 

In November 2013, Shiri Artstein-Avidan asked me the following question: ‘Does every 
convex body K in the plane have a point z such that the union of K and its reflection in 
z is convex?’ It seemed hard to believe that such a simple question should not have been 
asked before, and that its answer should be unknown. However, neither a reference nor a 
counterexample turned up. This note gives a proof. Let us call the point 2 a convexity point 
oi K \i K\J {2z — K) is convex. We prove the following stronger result. 

Theorem 1. A convex body in the plane which is not centrally symmetric has three affinely 
independent convexity points. 

In the next section we collect some preparations and at the end explain the idea of the 
proof. The Theorem is then proved in Section [3l 


2 Some Preparations 

We work in the Euclidean plane with scalar product (•,•) and unit circle S^. By [x,y] 
we denote the closed segment with endpoints x and y. The set of convex bodies (nonempty, 
compact, convex subsets) in is denoted by /C^. 

Lemma 1. For K,L £ }C^, the set K \J L is convex if and only if 

bd conv {K A L) G K U L. (1) 

Proof. Suppose that m holds. Let a,b G KU L and c E [a, b]; then c E conv(iLUL). Because 
of ([T]), iL and L cannot be strongly separated by a line, hence iL n L 7 ^ 0. Let p £ K A L. If 
p = c, then c £ K A L. If p 7 ^ c, the ray {p + A(c — p) : A > 0} meets bd conv(iL U L) in a 
point q such that c E \p,q]. Then q £ K A Lhy hence c £ K A L. Thus, K A L is convex. 
If, conversely, K A L is convex, then ([T|) holds trivially. □ 

For K £ K? and u £§^, let H{K,u) be the supporting line of K with outer unit normal 
vector u. The line 

Mk{u) := i[H(A,u) + H(A, -u)] 
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is called the middle line of K with normal vector u. By F{K,u) := K D H{K,u) we denote 
the face of K with outer normal vector u. The convex set (point or segment) 

Zk{u) :=^[F{K,u)+F{K,-u)] 

is called the middle set of K with normal vector u. Thus, Mk{u) = Mk{—u), Zk{u) = 
Zk{—u), and Zk{u) C Mk{u). 

By an edge of K £ K,^ we mean a one-dimensional face of K. 

Lemma 2. Let K ^ K? and suppose that the boundary of K does not contain two parallel 
edges. Let ^ G Then z is a convexity point of K if and only if 

Vtt G : z G Mk{u) ^ z G Zk{u). (2) 

Proof. We write 2z — K =: L. Suppose, first, that z is a convexity point of K , thus 

iiT U L is convex. Let u G be such that 2; G Mk{u). Then F[{K,u) and H{K,—u) 
are common support lines of K and L. Choose x G F{K,u) and x' G F{K,—u). Then 

y := 2z — x' G F{L,u). We have [x,y] C bdconv(it'UL) and hence [x,y] C KUL, by Lemma 

[1] Therefore, there is a point c G [x,y] Ci K (1 L Ci H{K, u). In particular, c G F{K, u). Since 
also c G F{L, u), we have 2^; — c G F{K, —u). This gives 

2; = ^c+^{2z - c) G ^F{K,u) + ^F{K, -u) = Zk{u), 

as stated. 

Now assume that ([2]) holds, and suppose that 2; is not a convexity point of K. Since KUL 
is not convex, by Lemma [T] there exists a point c G bd conv (KUL) \ {KUL). The point c lies 
in a common support line H{K,u) of K and L, for suitable u G S^. Therefore, 22 ; — H{K,u) 
supports K, hence z G Mk{u). By ([2]), this implies that 2; G Zk{u). Moreover, c G [x,y\ 
for suitable x G F{K,u) and y G F{L,u). By the assumption of the lemma, at least one of 
the sets F{K,u), F{L,u) is one-pointed. Suppose, first, that F{L,u) = {y}. Then the point 
x' := 2z — y satisfies {x'} = F{K,—u). Since 2; G Zk{u), there is a point x* G F{K,u) with 
z = ^{x* + x'). This gives y = x* and hence y & K, thus c £ K, a contradiction. Second, 
suppose that F{K,u) = {x}. Then the point y' := 2z — x satisfies {y'} = F{L,—u). Since 
z G Zk{u) = 2z — Zl{u), we have z G Zl{u) = Zl{—u), hence there is a point y* G F{L,u) 
with z = ^{y* + y'). This gives x = y* and hence x £ L, thus c £ L, again a contradiction. 
Thus, z must be a convexity point of K. □ 

We show that the assumption on K in Lemma [2] is not a restriction for the proof of the 
Theorem. 

Lemma 3. If the statement of the Theorem holds under the additional assumption that K 
has no pair of parallel edges, then it holds also without this assumption. 

Proof. Let K £ K? he an arbitrary convex body. To each pair of parallel edges of K, there 
exists a 0-symmetric segment S such that one of the edges is a translate of S and the other 
edge contains a translate of S. Then S' is a summand of K (e.g., [T], Thm. 3.2.11), and there 
exists a convex body C £ K? such that K = C + S, and C has no pair of edges parallel to 
S. Let Si, S 2 ,... be the (finite or infinite) sequence of segments obtained in this way. Since 
the boundary of a planar convex body contains at most countably many segments, we can 
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assume that the sequence 81 , 82 , ■■ ■ is exhausting, that is, to each pair of parallel segments 
in the boundary of K, the shortest of the two segments is a translate of 8 i, for suitable i. If 
there are m such segments, then there is a convex body Cm £ K?' such that 


m 


K = Cm + Y,8i, 


( 3 ) 


2=1 


and Cm has no pair of edges parallel to one of the segments S*!,..., 8 m ■ If there are precisely m 
segments, we put Cm ='■ C and 'YllLi however, the sequence 81 , 82 ,... is infinite, 

then the sequence Si)meN is bounded and increasing under inclusion, hence it converges 

(in the Hausdorff metric) to a convex body T, which is 0-symmetric. Prom ([3]) it follows that 
the sequence {Cm)m£N converges to a convex body C and that K = C + T. We claim that 
C has no pair of parallel edges. In fact, suppose that there is some u such that F{C, u) 
and F{C, —u) are segments of length at least i > 0. Since F{K, u) = F{C, u) + F{T, u) (see 
[T], Thm. 1.7.5), the faces F{K,Fu) have length at least i. But then the faces F(T,±u) 
have length at least i (by the construction of T), hence the faces F{K,Fu) have length at 
least 21. This leads to a contradiction. 

If we now assume that the Theorem holds for convex bodies without a pair of parallel 
edges, then it holds for C. Thus, for any point 2 ; for which the union C U (2z — C) is convex, 
the set 


KVJ{2z-K) = {C + T)\j{2z-C -T) = {C + T)VJ{2z-C + T) 
= [C U {2z - C)] + T 


is convex. Thus, 2 ; is also a convexity point of K. This completes the proof of Lemma [3l □ 

For the proof of the Theorem, we consider the convex body 


Ak '■= conv 



( 4 ) 




We shall show that each exposed point of Ak is a convexity point of K, and that Ak is 
two-dimensional if K does not have a centre of symmetry. 


3 Proof of the Theorem 


In the following, we assume that 77 G is a convex body such that the boundary of K does 
not contain two parallel edges. As just seen, it is sufficient to prove the Theorem for bodies 
satisfying this assumption. 


We choose an orthormal basis (61,62) of M^. For G M, we define 


u{lp) := (cos(^)ei + (sin 92 ) 62 , 


then u'(if) = (—sin 9 ?)ei + (cos 92 ) 62 , and {u((p), u'((p)) is an orthonormal frame with the 
same orientation as ( 61 , 62 ). In general, if u G S^, we denote by u' G the unit vector such 
that {u,u') has the same orientation as ( 61 , 62 ). 


The support function Hk of K is given by hK{u) = max{(u, x) : x G 77} for u G We 
define 


h{ip) := hK{u{ip)) 
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and 


(5) 


pi^) ■= ^ Hp) - Kv + ^)] 

for G R. Then 

Mk{u{ip)) = {x G R^ : {x, u{ip)) = p{(p)}. (6) 

If a face F{K,u) is one-pointed, we write F{K,u) = {xKiu)}- For given u G S^, at 
least one of the faces F{K,u), F{K, —u) is one-pointed. Suppose, first, that F{K,—u) = 
{xk{—u)}. The face T(iF, u) is a (possibly degenerate) segment, which we write as F{K, u) = 
[aK{u),bKiu)], where the notation is chosen so that b^iu) — a^iu) = Xu' with A > 0. We set 

SKiu) := ^[axiu) -t- xk{-u)], tK{u) := ^[bK{u) + xk{-u)]. 

If, second, F{K,u) = {xk{u)} is one-pointed, we write F{K,—u) = [ci^ (n), (u)], where 

the notation is chosen so that clxiu) — ck{u) = —Xu' with A > 0, and we set 

sk{u) := ]^[ck{u) + xk{u)\, txiu) := xk{u)\. 


Then 

Zk{u) = [sKiu),tK{u)]. 

Of course, SKiu) = tK{u) if F{K,u) and F{K,—u) are both one-pointed. This holds if the 
support function Hk is differentiable at u and at —u. 

The right and left derivatives of the function p at ip are denoted by p'rip) and p'i{p), 
respectively. They exist, since support functions have directional derivatives. 

Lemma 4. With the notations introduced above, we have 


and 


Therefore, 


and 


p'rip) = {tK{u{p)),u'{p)) 

(7) 

P'lip) = {sKiu{p)),u'{p)). 

(8) 

u{p)) =p{p)u{p) + p'.^{p)u'{p) 

(9) 

u{p)) =p{p)u{p) +p'i{p)u'{p). 

(10) 


Proof. For the directional derivatives of the support function hx, we see from [T], Thm. 1.7.2, 
that, for n G 


By definition. 


Here, 


h'K{u-,u') = hF(K,u){u) = {bK{u),u'), 

h'K{u\-u') = hF(^K,u){-u') = {aK{u),-u'). 


h'xiuipfu' {p)) = lim 


hK{u{p) -h Xu'{p)) - hK{u{p)) 
X 


u 


{p) + Xu'{p) = \/l + u{p -|- arctan A) 
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and hence 


h'Kiu{(p)-,u'{(p)) 

\/l + h((p + arctan A) — h{(p) 

= lim-;- 

xio A 

h{ij? + arctan A) — h((fi) arctan A Vl + A^ — 1 , , 

^^^- h{ip + arctan A) 

arctan AAA 

= hM, 

where h'^. denotes the right derivative. Thus, 

hM = {bK{u{ip)),u'{ip)). 

If F{K, —u{ip)) is one-pointed, we have 

h'{^p + vr) = {xK{-u{ip)), -u'{(p)). 

Both equations together yield 

pM = ^ [Kiv’) -h'{ip + TT)] = ^ [{bKiuiip)),u'{ip)) - {xKi-u{^)),-u'{(p))] , 

thus 

pM = {tK{u{ip)),u'{ip)). (11) 

If F{K,u{ip)) is one-pointed, then 

h'ri^p + tt) = {dK{u{(p)), -u'{(p)), h'{ip) = {xK{u{ip)),u'{Lp)), 
which again gives (dU). 

For the left derivative, we obtain in a similar way that 

p'li'P) = {sK{u{^p)),u'{ip)). ( 12 ) 

The representations ([9]) and (fT0]l are clear from equations Q , ([7]) and ([8]) . This completes 
the proof of Lemma [H □ 

We use Lemma H] to prove the following characterization of centrally symmetric convex 
bodies in the plane. 

Lemma 5. Suppose that K ^ K? has no pair of parallel edges. If dim. Ak < 1, then K is 
centrally symmetric. 

Proof. Since dim Ax < 1, all middle sets Zk{u) of K lie in some line L, and without loss of 
generality we may assume that this is the line L = {y € : (y, ef) = 0}. We want to show 

that, in fact, Ak is one-pointed. 

Let ip E (0, vr). The middle line Mx(rr(</?)) intersects the line L in a single point. Since all 
middle sets of K are contained in the line L, the middle set Zx(w((^)) is one-pointed, hence 
SK{u{ip)) = tKiu{ip)). By ([7]) and ([8]), the function p is differentiable at ip, and ([9]) gives 

tK{u{ip)) = p{ip)u{ip)+p'{ip)u’{ip). 


= lim 
A4,0 
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Since tK{u{ip)) G L, we have {tK{u{(p)),ei) = 0 and therefore 

p{ip) cos If — p'{(p) sin If = 0. 

It follows that on ( 0 , 7 r) the function p is of class and then that {p + p"){p) = 0 for 
p G ( 0 , 7 r). The general solution of the differential equation {p + p"){'-p) = 0 is given by 
p{(p) = (c, u{(p)) with a constant vector c; by continuity of p, the latter holds then also for 
(f = 0. Choosing c as the origin, we see from ([5]) that h{(p + vr) = h{ip) for [0, vr), hence K is 
centrally symmetric. □ 


Our last lemma produces convexity points. 

Lemma 6. Suppose that K ^ K? has no pair of parallel edges. Then each exposed point of 
the convex body is a convexity point of K. 


Proof. Without loss of generality, we assume that 0 is an exposed point of Ak and that the 
orthonormal basis (ei, 62 ) of has been chosen such that 

{x, ef) > 0 for each x G Ak \ {0}. (13) 


We denote by L the line through 0 that is spanned by ei. 

We intend to apply Lemma[2]to the point 0. For that, we have to show that 0 G Mx('u((/5)), 
for some p G [ 0 , 7 r), can only hold if 0 G Zk{u{p)). 

Let p G (— 7 r/ 2 , 7 r/ 2 ). The middle line Mx{u{p)) intersects the line L in a point which 
we write as f{(p)ei. The function / thus defined is continuous. From ([ 6 ]) we see that 


fip) 


If / is differentiable at (p, this yields 


Pjp) 

cos p 


f'ip) 


p'{p) cos p + p{<p) sin p 
cos^ ip 


{sK{u{ip)),e2) 
COS^ ip 


(14) 


The set 

N := {ip e (-7r/2,7r/2) ; f{ip) / 0} 

is the union of open intervals Ij, j G J, where J is finite or countable. 

Since 0 is an exposed point of conv|J.^ggi Zk{u), it must be an exposed point of some 
middle set ZK{u{ipQ)), with suitable ipo G (—7r/2,7r/2). Let Nq be the connected component 
of (—7r/2,7r/2) \ N that contains ipQ. If Nf = {(^ 0 }) then 0 G MK{u{ip)) for ip G Nf. If Nf is 
an interval of positive length, we have f{ip) = 0 for ip G Nq, and we deduce from (I14jl that 
{sK{u{ip)),e 2 ) = 0 and hence from (fT^ that SK{u{ip)) = 0 for G relintA^Q. It follows again 
that 0 G MK{u{ip)) for ip G Nf. 

Now let j G J. Let ip G Ij be an angle such that / is differentiable at ip. Then (1141) and 
(fT^ give f'{ip) > 0, since Mj^(u((/?)) does not pass through 0 and hence SK{u{ip)) / 0. With 
the exception of countably many points in (—7r/2,7r/2), the function h is differentiable at 
ip G (—7r/2,7r/2) and at ip + TT, hence p and thus / is differentiable everywhere with countably 
many exceptions. We conclude that the function / (which is locally Lipschitz and hence the 
integral of its derivative) is strictly increasing in Ij. But this implies that (—7r/2,7r/2) \ N 
consists of a single closed interval, namely Nq. Therefore, no middle line MK{u{ip)) with 
ip G (—7r/2,7r/2) \ A^q passes through 0. The middle line Mk{u(tt/2)) is parallel to L and 
distinct from it and hence also does not pass through 0. Now it follows from Lemma [2] that 
0 is a convexity point of K. □ 
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To complete the proof of the Theorem, we note that by Lemma [3] it suffices to prove 
it for a convex body K without a pair of parallel edges. Assuming that K is not centrally 
symmetric, we conclude from Lemma[5]that Ak is two-dimensional. Since every convex body 
is the closed convex hull of its set of exposed points (e.g., [T], Thm. 1.4.7), Ak must have 
three affinely independent exposed points, and by LemmaEl these are convexity points of K. 
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